
TM-1393 
1700.000 

Amplitude Dependence of the Tune Shift 

N. M. Gelfand 

March 1986 



-l- 

Recent studies in the Tevatron have measured the tune 

shift as a function of the displacement from a closed orbit. 

The measured values of tune shift are much smaller than one 

would expect from the measured distribution of the normal 

octupole moments in the Tevatron. (' We have performed 

tracking studies (using Tevlat) to see if, and under what 

conditions, the observed results could be obtained. 

The particle to be tracked was given an initial 

displacement (x0, y,) and followed through the Tevatron 

lattice for 4096 turns. The phase space coordinates (x,x'), 

(y.y') we recorded as the particle passed the initial 

location in the lattice. Thus, 4 sequences of values {x,1, 

cx;13, EYn3, Cyn3 were recorded where n represents the turn 

number. The sequences Ex,l and Cyn3 were Fourier analyzed 

to determine the tunes of the motion. These tunes are then 

compared with the tune corresponding to zero initial 

displacement (x0 = y, = 0). The tune shift is defined as 

the tune with non-zero initial displacement minus the tune 

with zero initial displacement. 

In a simple model where there is no linear coupling it 

is possible in a straight forward way to calculate the tune 

shift due to any distribution of multiples in the lattice 

(Appendix I). Because our interest lies in understanding 
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the failure to observe the effect expected from the octupole 

moments we consider only the octupole moments of the 

dipoles. This is done to facilitate comparison of the 

tracking results with the calculated tune shift. The 

comparison is found in Table I and is quite good; the 

tracking reproduces the tune shift that one can calculate.(2 

We introduce coupling by including the skew quadrupole 

circuit R. into the tracking. The value of R. can be varied 

and the smearC3 calculated by tracking. The tune shift can 

be computed as a function of Ro. Figure 2 shows the tune 

shift as a function of R. when x = 3 mm. The only non- 
0 

linear elements are the normal octupole components of the 

dipoles. It is clear that the amplitude dependent tune 

shift decreases as the coupling increases. Figure 2 also 

shows the tune shift as a function of smear. 

In order to understand the tracking results we 

construct a simple model (also described in Appendix I) in 

which we include linear coupling so that eH and EV vary but 

EH + % is constant. The result of this coupling is to 

reduce the average value of 'H but more importantly to 

introduce a contribution of EV to the tune shift v 
X’ 

Since 

the distribution of octupole moments in the Tevatron is such 

that the shift in vx due to oh and sV are comparable in 

magnitude but opposite in sign a coupling such that <sV) is 

comparable to (EH> can significantly reduce the coefficient 

of the x2 dependence of the tune shift. Numerical 
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calculations of the size of the effect are compared with the 

tracking calculations are found in Table II and are in fair 

agreement. We therefore, conclude that linear coupling can 

significantly reduce the coefficient of xo2 of the tune 

shift. Therefore, it could be very useful in the 

interpretation of the experimental data to measure the 

linear coupling at the same time that the tune shift Is 

measured.(4 In Appendix I also a relation between the 

strength of the coupling and the "smear" is calculated. 

Appendix I 

In this Appendix we calculate: 

A. The dependence of the tune shift on the initial 

coordinate of a particle in the presence of a 

distribution of octupole moments in an 

accelerator. 

B. The effect of a linear coupling on the tune shift. 

C. The "smear" as a function of the linear coupling. 

A. Our discussion is simply a rewriting of that of E.J.N. 

Wilson in CERN 77-13 pp 111-138. 

Consider the motion of a particle in an accelerator 

with only linear elements and without coupling. It is well 

known that the motion is given by 

tc=cia(qN) u=cx* a' .I-./ 

k” -5 rc P o( -(++sh+cc;,(+tn) 1.3 
d = -z-g 

‘IITp~‘+o(u = -asa++J-) r.4 
&L”?J’L : ep 
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Now we consider a kick Au' (AU = 0) 

Au=o= Aaw+d)-a~d+~~h+ 

AU +u’= -L Aa ti($ +f) -a wd#+b)a # 

Aa= &%I#+b) A$ 
- C#+b) 

A#=- - 18 
A& &@d~+J> 
CL 

z. 5 

Next we assume that Au is generated by a normal 

octupole field 

6,~ &,A b,(x"-3qL) bX'= -6.gh (X%x~) 

CSfl 

8,~ %.fib,(%ty-$1 A";';J$ (3x$.$) 

We next average A@, and A@y over many tUrnS (i.e. Over Q) to 

get the average A@ per turn. 

A#!3 = B,r b3 (6p) c -$8+3 If] et4 +py \r 
bake* ai */sCI a; :p+ 



We next sum over all the N magnets in the accelerator 

6% ++$$AEu -$%ev 
z 

AVhJ = ~+~;~-~!Gv++C~v 
For the dipole magnets only used in the calculations 

performed using Tevlat we find 

A = - 61308 me1 

B=- 4506 m -1 

C = - 4231 m-1 

AV, = - 2553 ~~ + 3440 E" 

Av = 3440 EH - 1587 ev l-*B Y 

, I 

We both start the tracking with x0 = y, = 0 and yx = 

1.6776 x 10-2, yy = 1.6721 x 10 -2 m-1 

A?$-- -w3x: + 57, s/ 3; 

au,: 3 57. lox,'- &aSY $ 
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B. To incorporate the effect of linear coupling we 

recognize that E* and eV are no longer constants and we 

write 

E'/ - ~".(dS4Cd 

c, = 
I.iO 

where we are assuming that initially evO = 0. k2 is a 

measure of the strength of the coupling and 0 represents the 

phase of the coupling between the x and y motion. 

We substitute these expressions 1.10 into the equations 

I.8 and find 

A-5 = [-2553 (I-Ji’sde) + 3Yrod’de3 GM0 

4vy = [ 3YYO -So27R’~8] Gh* 

averaging over 0 we get the results 

4v, = (-Y2S3 -( So.27 $)A; 

av, ,’ ( 57t70 -8Y. 33P)x: 
1 .I1 

E yo= J,x,’ 
C. We use a modified definition of the smear from that 

defined by the SSC Aperture Working Group. Our definition 

follows with the smear denoted by R. 

w ck 517 ‘ax ~k’2”‘q4g x+4x9% 2 Js,p 
6 ‘p”‘o~y’ ‘2*3/qJt+/yl)x = Jqi 
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We track the particle for many turns and at the end of 

turns i compute ai and bi. 

Then when we have completed the tracking ‘ 
6 , ri= s- za and 6, rb are calculated from the 

individual a; &cd bi 

For a linear system without coupling R=O. With linear 

coupling 

CC=~prao-Rlsd~y 

Averaging over 0 

It’=: ?,Y17 xlb-lJ’ 
R: at30774 

vIl= 3~s R 



Substituting I.12 into I.11 we find 

Av, = pm3+ 530,7SRA]%gL 

4 -vj = L 57.70 -w0,35i?x; 
Lr3 

FOOTNOTES 

1. Memo of Sho Ohnuma (January 16, 1986) to Rol Johnson 

2. If we include in the tracking the contribution of the 

octupole moments of the quadrupoles they Increase the 

tune shift by -18%. 

The skew quadrupole moments of the magnets is next 

included in the tracking while the skew quadrupole 

circuit (whose strength is given by R. in amps) is 
3 adjusted to minimize the smear . The tune shift as a 

function of x0 (the initial displacement of the 

particle, y, = 0.0) shows an x2 dependence (Fig. 1) 

and that C has the same value it had before the 

introduction of the skew quadrupole components of the 

magnets. We therefore, conclude that when the skew 

quadrupole current is adjusted to minimize the smear 

that the distribution of skew quadrupole moments in the 

lattice does not effect the x2 dependence of the tune 

shift. 

3. The smear is defined in the report of the Aperture 

Workshop Group (1985) of the SSC Central Design Group. 
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Our method of estimating the smear is to compute after 

each turn in the tracking the following two quantities 

.‘Zj x,‘, (lx X&kI 
,-----” --...- .._... .,., 

L=j 7: + c/Q: +-crij,i 
Where xi, yir xi , yi are the phase space coordinates 

of the particle after tracking for i turns. @,, @ 
Y 

, ccx, 

"Y 
are the values of the lattice functions at the point 

at which we start the tracking and at which we 

calculate ai and bi. 

From the sequences Cal}, Cbi3 we c,alculate a, b, oa and 

ob' 
The smear is then estimated by 

R J = q-y* Qy 

4. The original motivation for these calculations were 

measurements of the amplitude dependence of the tune 

shift. The data are collected in Table III and plotted 
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in Figure 3. The preceding calculation and discussion, 

based as they are, on a simplified model of the 

Tevatron do not quantitatively confront the 

experimental data. Accordingly Tevlat was run with all 

the multipole moments included, using the MTF values 

measured at 2000 A which corresponds to the 400 GeV 

energy at which the data were taken. The current in 

the skew quadrupole circuit was adjusted to given 

minimum smear and the particle was tracked from E17. 

The value of the tune shift Awx resulting from the 

tracking in Tevlat is nvx = -4.38~10~~ for an initial 

amplitude of 5.4 mm. The measured value is Avxm = 

+7x10 -5 -4 +10 . The agreement is obviously very poor. 

If the skew quadrupole current is deliberately moved 

away from its optimum value so that the smear is -0.3 

we find from the tracking for x 
0 

= 5.4 mm avx = -4x10e4 

which is in approximate agreement with the measurement. 

I therefore would conclude that if the actual smear was 

small (i.e. small linear coupling) when the measurments 

were made then the current model of the Tevatron (which 

means Tevlat plus the MTF data) is unable to explain 

the measurements. On the other hand if the smear was 

in fact large then the measurements may be in agreement 

with the Tevlat calculations. 
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TABLE I Comparison of the Calculated Tune Shift 

with the Tracking Results - No Linear Coupling 

xo(mm) Avx(trackinq)x104 Avx(calculated) x lo4 %diff 

2 -1.725 -1.713 .? 

4 -6.896 -6.853 .6 

6 -15.515 -15.419 .6 

8 -27.566 -27.411 .6 

TABLE II Comparison of the Calculated Tune Shift 

with the Tracking Results - Linear Coupling 

R(smear)x 

0 

4.55x10 -2 

9.27x1o-2 

1.43x10-l 

2.02x10-l 

Model x0 = 3 mm 

Aux(tracking)x104 

-3.88 

-3.71 

-3.20 

-2.43 

-1.52 

TABLE III 

kick (mm) 'h 
0 0 0.36146 

2 3.2 0.36150 

3 5.4 0.36153 

4 7.4 0.36158 

Avx(model)x10 4 %diff 

-3.85 .7 

-3.76 1.3 

-3.44 6.3 

-2.87 15.3 

-1.90 25. 

v V 

0.46292 

0.46293 

0.46300 

0.46290 
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